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Asymptotic Properties of A Histogram Smoothing by A Cubic Spline Function
~The Theoretical Equivalence between Boneva, Kendall and Stefanov Type and Lii and Rosenblatt Type
Models~

SAITO Misaki
SAGAE Masahiko

ABSTRACT

Histograms are discontinuous between adjacent bins. we consider a histogram smoothing by a cubic
spline function. Boneva, Kendall and Stefanov (1971) (BKS) proposed Histospline and Schoenberg (1972)
formulated it. However, they did not show asymptotic properties of histograms smoothing estimate by spline
functions. As related research, Lii and Rosenblatt (1974) (L&R) set different conditions from BKS’s to apply
a cubic function for smoothing a histogram and derived asymptotic properties for it. In the paper, they showed
that the asymptotic integrated variance(AIV) and the asymptotic integrated squared bias(AISB) for estimate
are 0(1/nh)and0(h®), respectively. However, they did not mention a theoretical equivalence to the proposal
by BKS. In addition, they did not show an explicit AIV and AISB. Therefore, we will show whether there is a
theoretical equivalence between BKS and L&R models. We will also derive an explicit AIV and AISB of the
estimate in BKS and L&R models. To examine characteristics of histograms and histograms smoothing by
cubic spline functions in finite samples, we will perform numerical calculation of sample means and standard
deviations of ISE.

As a result, we revealed that BKS and L&R models have the same equation and the AMISE of the

estimate has 5\/1§o+3 L for AIV and %hﬁ for AISB. It shows that the histospline have larger AIV and

nh
smaller AISB than them of histograms. We also showed the explicit mean and variance related to the
asymptotic normality of the estimate.

Results of numerical calculation showed ISE of the histospline were smaller, but the standard
deviation of ISE were larger than histograms. In other words, we can enjoy a significant decrease in the bias
of a histogram smoothing while its variance increase. Therefore, a whole ISE of a histogram smoothing

estimate is improved.
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_ 1 - 1 - 1
E[f; (x)] = C1;(x) Z Wj_1(MPx + MPys1) — ﬂczj (x) Z w;j (np; + npp4q) + 0 C3;(x)np;
k= =1
N-1 1 N-1 1
= C;;(%) ; Wj_1k E(ka(t)dt + Bk+1f(t)dt> — Gy (x) IZ‘ wjﬁ( Blf(t)dt + Bmf(t)dt)
+C3;(x) | f(®)dt. (4.12)
Bj

zzwT, f(t)iili%[l@f:&) 74 7 —BEIC X VERIT B L,

i hZ
E[f](x)] —Clj(x)ZW] 1k{hf(x)+hf (x)(xk—x)+f (x ) ( ,E—Zxkx+?+x2>

f()

3+ xh? — (3x2 + h¥)x + 3xx? — x3)}

- C®) Z Wi {hf(x) FREGOG -0 +1 ”éx) h (x? — 2xx + %2 i x2> (4.13)
=1

+ ! 6(x) h(x} + x;h? — 3x% + h®)x + 3x,x? — x3)}

" 2
+ C35(x) [hf(x) + hf'(x) (xj - g - x) + ! Z(x) h (x]-2 —xjh + h? + (2% + h)x + xz)

N f/l/(.X') h {xjg

3 h3 3
c - zx]-zh + x;h* — T + (—3xj2 +3x;h — h?)x — E(_ij +h)x%— x3}].

(4.13)RICDWVT, % =0, x; =% +jh = jhE L, T wy, L =], S0 w,, 12 = )2 —§, SStw, P=7 ]
THHZLHMALTEMT 2L,
~ 3 1 1 3
E[f,(0)] = f(x )+f Cx ){( 3h3 — j2h3 +zjh3)+ (—3j2h2 + 3jh? —§h2>x+<3jh—§h)x2 —x3}.
(4.14)
L72oT, f()D 4 T R,
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Bias (f,(x)) = E[f,(0)] - f(x)

_f’”(x) ('33 3'23 13) ( 21,2 ih2 12) ( 3)2 3
- {j W =22 + 5 k) + (=3j%h% + 3jh2 = Sh?)x + (3jh - Sh) x —x},
(4.15)
b, 2D LHb, ¥ YBICET 3MNERES "4 7 A (AISB) i1
— i f’”(x)z i3L3 3'2 31'3 21,2 ih2 12 P 3 2 32
AISB; = xj—hT{(] h _EJ h Ejh )+(—3] h® +3jh _Eh )x+(3jh—§h)x —x} dx
=§Eﬁfq)27 (4.16)
DEXY, &tkco AISB I, V—~ v AU, " E)?h=[[f"(x)*dx+o(1)]ZH T,
(f"’)
AISB = o= o h (4.17)
727L, R(f)=[f ()?dxTH %,
M T, DELCDOWT,
N-1 N-1
—~ 1 1 V]'
Var(f](x))=Var %Z Wj_1 (Vi + Vier1) | + Var ZZ wj (v +viiq) +Var(C3]-(x);)
k=1 =1
1 N-1 1 N-1 (418)
+ 2Cov EZ Wi_1 (Ve + Vier1) n wj (v +Vvigq)
k=1 =1
1 N-1 Vj 1 N—-1 vj
+ 2Cov ™ Wi_1 (Vi + Vier1) C3j(x)z + 2Cov Ez wj (Vi +Vvig1), C3j(x)z :
k=1 =1

1 N-1
ar (% Z Wi (vi + Vk+1)>
k=1
1 N-1 N-1
= 4_7'12 Cl] (x)Z [Va‘l" <Z Wj—l,k Vk> + Var (Z Wj—l,k Vk+1>

k=1 k=1

N-1 N—-1
h
+ 2Cov (Z Wj—1k Vi Z Wj_1k Vk+1)] = 2‘/§Z Cj ()% f (x),
k=1

22T, Var(D &Ry Lt%@%AIVar()}:?’Zo L,

AIVar( Z w1 (Vi + vk+1)> \1/; 1hf(x)h (4.19)

2L LIH L [k,

1 N-1
Var <— wj, (v + Vz+1)>

2n
=1
1 N—1 N—-1 N—1 N—1
= _4.n2 Czj(x)z {Va?" (Z Wj,l Vl) + Var (Z Wj,l vl+1> + ZCOU (Z Wj,l vy, Z Wj,l Vl+1>]
=1 =1 =1 =1
h 2
= zﬁgczj(x) f(x),

13



1 N-1 \/— 1

AlVar <ﬂ ; w; (v, + vl+1)> E_hf(x)h (4.20)

55 3 IH%
Vj 1 2 h 2
Var (C3]-(x) E) = PCy(x) Var(vj) = Eng(x) fx),
ML <
i 61

AlVar (C3j (x) :l—]) = gEf(x)h. (4.21)

JH 1%

N-1 N-1
1 1 h h?
2Cov (%kzl Wi—1k (Ve + Vier1) ﬁ; wj (v, + Vz+1)> = (5V3 - 9)EC1j(x)C2j(x)f(x) +0 (;)

ZZT, Cov()ZBTL7=bDEAICov()ET DL,

1c 1c 5V3 -9\ 1
2AICov <% ; Wj—l,k(vk + Vk+1) ) % ; Wj,l (Vl + Vl+1)> = (T) %f(x)h (4.22)

%5 THIT
N-1
2Cov [ — Vi + Vi), Co (02| = (3—J®ﬁ6()c ()()+0Zf
ov an_le -1,k Wk T Vg 3; X n n 1 X 3jxfx )
Bl
1 v\ (V3-3\1
2AICov (% 2 Wj_1 (Vi + V1), C35(x) #) = ( 10 >Ef(x)h. (4.23)
6 JHD 55 5 TH & Rl
1 N-1 .
2Cov <§ wj (v +vi4q), C(x) #) = (3 =3)=C,;(0)C3;(x)f (x)
=1
Bl
1 V3-3\ 1
2AICov (EZ Wi (Vi + Vi), C3](x)z] =( 10 >Ef(x)h. (4.24)

=1
L723oT, (419)~4.249)XX Y, v VBIcH T 2WHEMT T

V3 J‘s 53-9 V3-3 +3-3 543 +3
A = (15+E 57730 tT10 * 10) fGOh = ( 0 ) FGOh  (4.25)

DAEXY, &Fco AV i) —< VESEBY, fFEOR =[f fx)dx +o(1)]X Y,

5v3 +3)\ 1
- - 4.2
AIV ( 5 )nh. (4.26)

TLw3E, f(x)D AMISE i3
AMISE(f (x))=AIV(f (x))+AISB(f (x))

_(3¥3+3\1 RU™M) (4.27)
10 )nh 30240
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7%, ULbEXY, EBL2 TR I e,

43. 1. X275 4 vH#EEED MSE 0 _LFBDEFRA
LA FRATF4 VHEEED MSE O FROEHICOWTTT, 9, LR NRT 54 VHEEBRD AL T
Z 1 (4.15) X2 5

Bias(S gis(x)) = Vnh f"'(x) {( - —x Zh + 5% h2> ( 3x;% 4 3x;h — %hz)x + <3x}- - ;h) xt — x3}

3 2 1
{(x] - x) - Eh(xj -x) + Ehz(xj - x)},
22T, 0<|xj—x|<h&kVY,

" 3
Bias(S prs(x)) < \/_f (x )( §h3 ) Vnh
ﬁwf,%WKOwTMJ%~M2®ﬁ®§&KBwT,OSM—ﬂShiD,Qﬂ@,Qﬂ@,QK@

DHIHEICEI L T LBx ko 5 &,

f ,,,(x) (4.28)

|clj(x)|s—
|C2j ()| < 31h (4.29)

3

|C3](x)|—2h

ThHHILrb,
, 1 9 5V3-9 3(3-+3) 3-3\1 16 9

) 505 30 D (5,3
(4.30)

LEXDR LRI NI,

44. FBIEHE. R FRT7T4 v L&R Ik 3HEER DRSO

LR AT T AV OWHRIESIEDGERHICB I 2 iBIER L LT, X PRI TA VHEERL L&RICK S
HEERPFEETH L Z LRT,

CH RO R X T TA VTR :

X; —x)(2xi_1 +x; — 3x X —Xi_4 ) 2x; + x;_1 — 3x 6s;
S prs(x) = mj—1( J )( thl J ) _ mj( J 1)( hjz Jj—1 ) had'l (x] —x)(x xj—l)-

QCa)XrEXHZ DL,

m; = Z Ald, (4.31)

7L, dizQARDEDEE LI b DIHIEL,
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3
(dl' = E(Gl‘_'.l - Gi—l)' (] = 1; JN - 1):

3
o, (61— Go), (4.32)

3
dN =E(GN _GN—l)v
THb, 2D, Q3R UTDXHIickIN%,

d0=

N
3

m; = ﬁz A (Giyq = Giy). (4.33)

i=0

2T, FKacDfffEfLD 729
2 2
3(x —x;_ 2(x —x;_ 3(x; — x 2(x; — x

b= " A - 1)}/4;3 +{ ( e LA 7 )}A, (4.34)

L33, (4.33), U3DREFHANCTRHRXErERHZ 2 &,

N
6 3
S'prs(x) = el (G = Gi) (% — %) (x = x;_1) + ﬁz b i[(Giy1 — G + (G; — Giy)]
i=0

=7(6; = Gi1) +(6 - G- h
+%Zliw;—ﬁ—(’f—xj—l)}flﬁ [M‘("J"‘)} =y

2 N
+ {9(x _h:j_l) Sk _zxj_l)}ZAj_,il(Gi = Gi—1)
2
+ {9(xf )6y - x)]ZA} 16— Giy). (4.35)

2
1 1 6(x — xj_ 6(x—x;_4)—h
1) [_ (x ;CJ 1) + (x — x-1)

[Girr — 2G; + Gi4]

h3
B.DRDa;; % AVT@A35) XL BT 5 &,

N

1 3 1
$'prs(¥) = ¢ (G = Gj-1) + ﬁz ajilGis = 26G; + Gig] + E(Gj G-1) |~
2 N
3 X — Xi_ h
ETCES R TR
2(x;i —x
{M — (x] — x) — —}Z 1 ilGiv1 — 2G; + Gi—4] (4.36)

9(x—x-_1) 6x Xi_1)
+{ = s ]ZA ~Gi)
+{9(xj—x)2 6(x; - x)}z G G,

6(x — x] 1) 6(x —xj_1)—h
h

K3
(4.36) XD 3~7 HICD W T,
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2
1 6(x —x;_ 6(x —
c;]—c;,._l)[_ ( % )" 6

[2(%_

h h

1) —h
Xj 1) l hz {(X Xj— 1) —x;_ 1)_|_ }Z [Gi+1_26i+Gi—1]

) —(x,—x)——}z A7 4lGirs = 26+ Gia

4 {9(" —h ;Cj—l)

1(Gl - Gi—l)

_6(x _ij_l)}ZAf_

2
+ {9(xjh; x) 6(x] X)]Z A} 11 l(G l 1)

166|455

%i-1)" 6(x—x, ) - hl+{3(x %i_1)" 3(x—x, 1)

}Z } G -

h? h h3
6(x — x;_ ) 3(x X; ) $
+{ h3] ! J = Z —Gi_1)
i=0
6(x; = x)° 3(x —x) 3("1 3(xj—x)
+{ h3 - hz zh Z 11(Gl+1 G)+ hz Zh Z 1L(G i—l)l
(4.37)
22T, o (12)K, p.228 DfEREHACT, ¥, =6TH 5720
Gi — Gi_y = f(x)h + O(h?),
LY, E7, AHCOWTRA)D C)~2) KD 5, T Al =1/3TH 2720, ZhbEMWT(4.37)
AxHBMHT 2 c‘:,
2
6(x —x;_ 6(x—x,_4)—h 3(x—x;_ 3—
- " ), S = ) lf(x)h+{ G = )3 = D, }ZA] @R
6(x—x]-_1)2 3(x—xj_1) 1 = 1
+ e - h2 - E ;Aj,i f(x)h
2 N
6(x; — 3(x; — 1
LB e x)—ﬁ}ZAffl,if(x)h
2
+ ?’(x]'h_3 x) S(xj - x) }Z 11’if(x)h.
_ 3(x—xj_1)2 Z(x—xj_l) 3(x—xj_1) 6(x—xj_1) 3 Z(x—xj_l) 2 6(x—xj_1)2
R = " R M
6(x—xj_1) 1 _
= - E} fGOR=0. (4.38)
BLEXy, (4.36):i3
N
1 3
S'prs(x) = E(Gj —Gj_4)+ ﬁz a;;i[Giy1 — 2G; + Gi_4],
i=0
7Y, 2T L&RIC X AHEERBCURG), p.229) e RZ%Ech b, UEXY, WEERNTIN-,
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45. % 2. e XA FRT T4 v OFREIERYEDIEHA
LEOMBIEEDL S, B A NRAT T4 voidnEIERED L, L&R(1974) D Theorem 4.1 BT
REINE, TNEEEEZT, FHLOBOHRNRRRZ RS,

4.2 fii®> AMISE(f () D#itin b, # & V1c851F 3 27 74 Ak Rkic o\ CBias(f, (0} = E [fj(x)] -

fFGOTHY, ho 0(n~),x € BIH LT, a=§0)a§, Vh{f;(x) — f ()} 0¥ ixvnhBias{f;(x)} & 7
BT EWREANE D@15 RLY,
Mfm(x){( ; —§x2h+1xh2) ( 3x;* +3xh——h2)x+( X; ——h)x —x3} (4.39)
6 \Y "% '
ZZ T, rzi(xj—x)}:i’o’< &,

"(x 3 1 1 3
Vnhf 6( ){(xj —Ex]2h+ xh2> ( 3x}-2+3x}-h—§h2)x+(3x}»—§h)x2—x3}

"(x) 3 3 2 1,
(-2 = S0y =) 4 5020 - )

\/_fm()h3( 32+;r> (4.40)
% 72, Vnh{f;(x) — fF()}DHEUT D Tid AMISE(f(x) DorHUE(4.27)5 K b,
5\/_ 3
AR ) (4.41)

‘(“%50
a>i0L %, Bias(fi(0}& Db L VIEROICRA L — FOAHHGC L h b, FHIE0 Ls, L
kX D, LA R RT T AV OWHEIFRRMEIC O WTIEE & B R 72 R ASEEH & 7z,

5. BAEEER

LA TLE R NRTTA v OFRERICE T 2 HEEHEE ORE % KT 2 720, By deite (L
T, ISE EMER)ICOWTHIEERZ1T 5., & 2Tk, MISE ©& B % ISE OFEAN-H & fEHE(R 2= C 3l
L7z EFI[—3,3] DI AN (0,1) ICHE 9 BEAIC D WT, EAY 4 Xn = 100,200, 500,1000,5000 &
HET D, & VIEIX Leave-one-out CVAIC X WV HEET 5, A M T LL A MRT T4 vENZNICD
WTISE DFtH Y T 2L — 3 ¥ % 10000 [E[fTv>, ISE OEEARV LR RA Z HINS %,
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(1 #HiBEEEE R (n = 200)

E - —— True
-- Spline

© _|

o

|

o

< _| =

o //‘\‘

- 7

o T 4

o~

o 7 , A\

S /] )

. | = .

o
T T T T T T T
-3 -2 -1 0 1 2 3

K1k, n=200D A7 T LA MRAT T4 OBERBFERERT, EMPEOHEERAM, Bt
PR FMRTI3L4 v THD,

# 213, ISE DA O W CORIEEFF R 2R T, HERERRVIZEISE X 0108w,
BLCHEZ NI WTICTREIWCH S, AP TLLLRAMRATIAVvDELLY, FERFAXNK
EL R BICONTISER/NE L2, BAFAXICEADLT, A PRATITAVDOHRISE /NS v, L
DLEDBD, ERFAZDRKEL BB ICONTHIHE D ISE 2I13/N& k3,

# 2 ISE AT D BUfiE F2 Bt

n =100 n =200 n =500 n = 1000 n = 5000
LA N7 A 0.02783 0.01785 0.00924 0.00561 0.00180
LRAMRT TV 0.02387 0.01516 0.00782 0.00457 0.00143

7 313, ISE MHERZ ORUEEEAE R A /RS, £TIE, XM T LELRMRT T4 v CHIRL CE
DINEWHICTREINCTHSL, AP TLLEAMRTTAVvDELLY, FEAFAIBKEL LD
KON T ISE FMERAEINS b, AV A XD LT, v X277 L0)528 ISE RN S
Ve L2l 0, BEARY 4 XANKEL 2 2ICONTHH D ISE BEHEFEZEDEIT/NE k5,

# 3 ISE fHEfR 22 D Bl TG R

n =100 n =200 n =500 n = 1000 n = 5000
[5-S) NE7AN 0.01693 0.01051 0.00472 0.00241 0.00051
LA MRT TV 0.02388 0.01482 0.00684 0.00345 0.00081
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6. wEam & ZL

AWFETIX, XM T LDRT T A FE(LICEE T 5 BKS+ Schoenberg & L&R @ 2 D DfHEIC D>
ToOFEEZRL, 72, XA MR I VHEEBOWLARB 2G5 2IECEB L2, 72, ARIEARCE
F2eRX 7T LR AT T4 OHEEREZ I T 2 HIUT, BUEERZIT > 72, KERREL L
T, MM 7RIERZIED T T@OBKS +Schoenberg & L&R D[R, @b X P 277 4 v ORI
AMISE, ®t 2} 277 4 » @ MSE @ LR, @HiB)ERE R CUPRIY 72 a IEAR M 2 3EA L 72 OBKS+
Schoenberg & L&R DFEZFFEHICOWT, S'prs()ICHBWTL&RICX BHEE R L REERIZ L 2
S'pks(X) = S' g TH B L BN LTzo Qe AFRT T4 D AMISE L2 T, SpHUIHA

5V3+3 1
10 nh’

—a 7x1§ﬁ§%h6@55 CrRFL, COAMISEIRE X F 25 LD

AMISEpiee (F00)) = =+ 200 p2 e Holed 2 &, 3BT 275, —3fS A4 7 RIS Lo

5, Qe AFATI74 v DMSEDERICOWT, 0<|x—x|<he T2, HEIHD

(E@+§iﬂ@ 4 T 2PV D 3T B 2 L RR LT, @FIRI R BHE B O
9 4/nn T - 2 -e 7

T, FEVICBF 2RI RTF4 VOIESEICEL TIE, ho0®m™®),x €B;IcHf LT, rzi(xj—x)

kk(k,a=%®&%ﬁﬁ@ﬁ&%{&ﬂiN<ﬁﬁ%?ﬁoﬁ—%H&Ofﬁ”ﬂgv,a>%®k

10

10

%ﬁ%ﬁm@y¢uniNQfﬁ”ﬂ@D?%5:&%ﬁbto

AIREARKFORFEICOWT, ISE DAV L FH#EFEAZICOVWTOFREY T2 L —v a ViR
b, EAMSTLLERPMRTIAVvDEDL LOEAD, ISE DAY & EHERZ 1A S 4 XH
RELBBICONTEZDENR/NS L b, CANRT T4 VDI, EOERI A4 XDKFICH ISE fE
BNEL, ERX M7 TLX0 DHEERELAKRINS, W#FHD ISE ZIFEAS A AN KEL £BIRE
i oTw<, F7, ISEME#EREAEL, EASFAXICELOLT A2 T LDTBMEIT/NT VA, HE
A4 ZHRKEL R DBIEEWHEDHEITEONTNHL, 2D ELD, XMATIAVIELR T
L XD BRI T 225, ANA T RAZKEDT B, A T ARD ORESHEEREE I RITTHEDTT
BRENTZD, 2EDISEF LA I LX) RRINE LR -7,

ZZET, XL T7L6%3RDRATTA Vvl CFEILT 2REICOWCEMm L 720 A7 74V
BB ORIC%E 4 R, 5K, ..& BT RBEO—BALRE L Z oA E IO W TR 2 i it
BT, ZOENNSHOFETH D,

[7]

Dex 7700 vicsiFoEEE, A7 74 v EEELZROHEERTOR/ L VICE T 2HMEPFEL <
5 e %, MEMHEEED DLW,

2)Leave-one-out CV & i, ¥ VIEHHEFEDO—>TH 3, BERMITIE, ERX2S 1257 — 2 kxR HL,
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BODT—2H TR M7 LEBEEL, IREHLAT 25 TZDOe X770 %5HiT 5, UE%T
—ZRTLICEEVIRL, ZhofHiiconwT 2R 2, COoERFEEZERMLT 2 X5 e ViEE
ko, znEHEECVIRE T2 FETH L, L AT LDOEAIIE, RENAELB IR, BEA
P4 ZXn, ©VBICETLER %Y, Y Vighe T %L, unbiased CV(UCV)IL,

n+1 2
- Vk.
mn—1Dh n?(n-1)h -

UCV(h) =

(518 - 2% 3CHk]
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